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The structure of the completely integrable system of the Einstein—Petrov
type I equations (recently derived by Brans) is investigated. By introducing
a modification to the Newman~Penrose tetrad formalism, not only is the
complete system obtained very easily and presented very concisely, but it
is possible to obtain a set of identities which give explicitly the considerable
redundancy within the complete system. This redundancy is exploited to
identify a very compact subsystem of the complete system which arises
very naturally in the new formalism, and which is of a different (in some
senses, simpler) structure than the usual presentations for these spaces.
The usefulness of this new subsystem in the search for exact solutions is
demonstrated.

1. INTRODUCTION

In a recent paper, Brans (1977) has investigated the integrability condi-
tions of the Einstein—Petrov type I equations in a vacuum. He has shown that
a nontrivial set of integrability conditions (the post-Bianchi equations) exist,
and further that the integrability conditions of the post-Bianchi equations
are identically satisfled modulo the other equations, i.e., the two sets of
structure equations, plus the Bianchi equations, plus the post-Bianchi equa-
tions are a completely integrable system. The first part of Brans” work was
carried out in differential form notation, but in the latter part he had to write
out the results explicitly in the N.P. formalism. (Newman and Penrose, 1962).
Although his calculations were extremely long and had to be carried out by
computer, Brans emphasizes that the simple nature of the final result suggests
that it should have been anticipated without the need for such explicit
computations.
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In the first part of this paper the structure of the completely integrable
system determined by Brans is examined in detail. A modification to the N.P.
formalism is introduced which, by simplifying the presentation of the Bianchi
equations and highlighting certain aspects of their structure, enables the post-
Bianchi equations to be easily found and the completely integrable system
of equations to be identified and compactly presented. In addition the con-
siderable redundancy within the complete system is easily determined and is
also presented very concisely as a set of identities.

In the latter part of this paper this redundancy is exploited to obtain a
subsystem of the complete system, which although a much smaller system
and much more compact, is still sufficient to ensure that the complete system
is satisfied. This subsystem has such a simple and natural presentation that it
would suggest that there is still some underlying structure which remains to
be fully appreciated and exploited. Further, the conciseness and simplicity
of this new sufficient subsystem provides a very promising starting point in
the search for new exact solutions; in particular, it is found that, for a subset
of the Petrov type I spaces, the subsystem reduces very easily to three standard
nonlinear differential equations.

Papapetrou (1971a, b) has obtained a number of fundamental results on
the structure of tetrad formalisms, with particular emphasis on the N.P.
formalism, and although his results were derived for only the most general
case (completely arbitrary Riemann tensor), his methods are very relevant
to this paper. His results are summarized in Section 2 along with their appli-
cations to the N.P. formalism. In Section 3 the new notation is introduced
and the results on integrability discovered by Brans follow very easily. When
the techniques of Papapetrou are applied to the complete system of equations
for this special class of spaces, five sets of identities are found linking the
equations of the system, and they are presented compactly in the new nota-
tion. These identities are given in Section 4.

In Section 5 it is shown (for the general Petrov type I spaces) that the
redundancy found in Section 4 enables the first set of structure equations to
be omitted from the complete system. Further it is seen that most of the
equations in the second set of structure equations can also be omitted, and a
very compact sufficient subsystem of equations is presented exclusively and
naturally in the new notation. In Section 6 it is shown, for a subset of Petrov
type I spaces, that the new presentation enables the crucial differential equa-
tions for the metric tensor to be obtained very efficiently, and a coordinate
system is suggested naturally.

The results are summarized in Section 7 and their implications discussed.
Appendix A contains an explicit statement of all the post-Bianchi equations
in N.P. formalism, and the proof of a result used in Section 6, is given in
Appendix B,
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2. INTEGRABILITY CONDITIONS AND IDENTITIES FOR
THE COMPLETELY ARBITRARY SPACES

The basic system of equations usually considered in the tetrad formalism

are!

Ymnp = ma;bZnaZ:ub (2-1)
Rmnpq = 2')’mn[p;q] + 2ysn[p')’slm|q] + Zymns'ys[pq] (22)
Runpa:nt = Yo' Rogisn — ¥a'vRoqism + 2Rpnsto¥e’ar (2.3)

Papapetrou (1971a) has emphasized the following important property: The
three sets of equations (2.1),(2.2), and (2.3) form a completely integrable system
of equations. [This is in the sense that when (2.1) is considered as a set of
differential equations for Z,%, the integrability conditions are given by (2.2);
when the set (2.2) is considered as a set of differential equations for y,,,,, the
integrability conditions are given by (2.3); when (2.3) is considered as a set of
differential equations for R,.,, the integrability conditions are satisfied
identically in this case.]

Within this complete system there exists a lot of redundancy and it is
easily identified in the notation introduced by Papapetrou (1971b). Using
Papapetrou’s notation, the complete system of equations can be presented as
follows:

X, =0 @.1)
Yinpg = 0 (2.2
Voo = 0 @.3)

where
Xono = 2Vtninier — 2Zin® 51Zna (2.4
Yinoa = Runpa = 2mnipiat = 2Vsmig¥’inior = 2¥ma¥sivar (2.5)
Vimnpe = Romnpza = 2Rsmin'sa + Rpgm¥'sn — Ropats¥'mn (2.6)

The X,inps Ymnpes Vemnpe are merely labels for the different equations.
The redundancy is then given explicitly by the following three sets of
identities:

Xin’nimn — Xt &Xa'p1 + X[mrn{'ylriszﬂ] — Yo'} + 2X e’ Yin'ne = 0 2.7

! The orthonormal tetrad vectors are denoted by Z,,%, the Ricci spin coefficients by yunp,
and the tetrad components of the Riemann tensor by Rua.... In general, the Latin
letters in the latter half of the alphabet, m, n, p, . . ., will be used for tetrad components
of an object, while the letters at the beginning of the alphabet, a, b, ¢, . . ., will be used
for coordinate components. All indices run 1, 2, 3, 4. The covariant derivative and the
intrinsic derivative will be denoted by a semicolon, while the ordinary partial derivative
will be denoted by a comma. Antisymmetrization will be denoted by square brackets,
symimetrization by round brackets, and the alternating tensor by 5%°¢4,
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Vintars = Yanpainn T Vmnt 191X + 27°q Yimasin
= Voo Yisnian + Yono Yismian + VY’ Yspan = 0 (2.8)
PPV nparis + 37'rsVmnian = 2¥'tmio Velmtars
— Runsr Ytpqs + Rqrt[n th]zas + %’Rmnpq :tXrts} =0 (2-9)
A fourth set of equations often used in work in the tetrad formalism is
the set of equations
{van + V[mpnlvp}") =0 (2'10)
where n can be either completely arbitrary or represent two complex inde-
pendent quantities. It is important to note that the commutator identities

ViaVagn = 0 .11)
become in tetrad notation,
AVinVu + ZimmVain = 0 (2.12)
which becomes by virtue of (2.4),
{ViuVim + ¥ mVoin = 5 X" Vom (2.13)

Another important result, also implicit in Papapetrou’s work (1971a), is now
obvious: The equations (2.1} and (2.10) are equivalent.

The N.P. formalism is simply the normalized tetrad formalism with
specific choices made for the tetrad vectors (Newman and Penrose, 1962).
Two of the tetrad vectors Z;%, Z,* are chosen to be real, null, future-pointing
vectors, normalized as

Z,%Zg, = 1 (2.14a)

and the other two vectors Z;%, Z,* are chosen as complex null vectors and

normalized as
Z3aZ4a = “‘1 (214b)

The 24 real rotation coefficients can be combined to give 12 complex spin
coefficients and the Riemann tensor written as 12 independent complex
components. A different symbol is given to each spin coefficient, differential
operator, and independent Riemann tensor component. The four sets of
equations (2.1), (2.2), (2.3), and (2.10) can easily be written out individually
in this notation and it is obvious that all those results obtained above carry
directly over into the N.P. formalism. It is also possible to apply these results
to the G.H.P. formalism {originally suggested by Geroch, Held, and Penrose,
1973) where some useful modifications can be made (Edgar, 1978).

It is emphasized again that these results of Papapetrou were determined
for the most general cases (i.e., tetrad and Riemann tensor completely
arbitrary). In fact, Papapetrou (1970) originally considered only the vacuum
case (Ricci tensor zero, but all other conditions arbitrary) and his results for
the vacuum case are exactly what would be deduced by substituting a zero
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Riccei tensor in the results above. So it is known that no extra integrability
conditions or identities arise out of imposing the vacuum case constraint, and
the above results can be carried over into this special case. However, when any
other specializations are made it would be expected that the above results
may need to be modified—as of course is clearly the situation for Petrov type I
vacuum spaces.

3. INTEGRABILITY CONDITIONS FOR PETROV
TYPE I SPACES

Brans (1977) commenced his work in differential form notation and then
changed to the N.P. formalism. It will be convenient here to use the general
tetrad formalism for conciseness but specialize to the N.P. formalism when
explicit statements of individual equations are required.

Within the N.P. formalism there is still the tetrad freedom of (i) null
rotations about Z,%, Z,%, and (ii) boost in Z,%-Z,* plane, spatial rotation in
Z5%-Z,% plane. It is possible, for Petrov type I spaces, to use up this freedom
in such a way that

¥, =0=1Y, (3.1a)
Yo =%, (3.1b)

so that the Weyl tensor is in canonical form.

Important symmetry properties are emphasized at this stage. It is well
known that the tetrad equations for the general case are symmetric under the
transformation (denoted by )

12

34
and also under the transformation (denoted by *)
1—3 3—>-—1
2——4 42

(Both these symmetries are quoted by Geroch, Held, and Penrose, 1973, and
in fact the " symmetry is built into the G.H.P. formalism.) It is interesting to
note that the specialization (3.1) does not break these symmetries. In practice,
this means that calculations can be considerably shortened. Unfortunately,
the much more concise G.H.P. formalism cannot itself be used in the work,
because by (3.1) a specific choice of gauge has been made.

The two sets of structure equations for vacuum Petrov type I spaces

Koo = 2Yminie) — 2Zin* 51Zna
=0 (3.2)

Yonoa = Ronpg — 2Vmntpiat — 2ysm[q')’sin1p] - 2'}’mns?’s[pq]
=0 3.3
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when written in the N.P. formalism become, respectively,

= Yia =

— Yiga =

- Y2414
- Y2413
- Y1321
- Y2412
- Y2424
- Y1343
- Y2434
- Y2432
- Y1323

- Y1‘342

K = Zla;bZBGZIba v = Zea;bZzazzb
P = Zla;bzsazlba "= Z4a;bZ2aZ4b
o = Z14425"Z,", A= Ly L2
T = Zla;bZ3aZ2b7 ™ = Z4a:bzzaz1b
g = %{Zla:bzzazab - Z:sa:bZ4aZ:ab}
a4 = %{Zla;bzzazf - Zsa:bZr;aZab}
€ = %{Zla;bz2azéb - Zaa;bZ4azlb}
Y= %{Zla:bZZ‘IZZ” — Zsa ;bZ4aZZb} (3.2)

Dp — 8k — (p® + 05) — (e + O)p + *r + «(3a + f ~ =)

=Do—8k—(p+tpo~QBe—¢Co+(r—-F+a+3p) ~7,
=0

=D\ — 87— (pA + 5w) — 7% — (& — B)m + vic + (3e — E)A
=0

= Dp — 8r — (pp + op) — 77 + (e + O + 7@ — B) + v — ¥,
ED-r—AK—(1'+7?)p—(F+77)U—(€—E)T+(3y+)7)lc

=Dv—Ar—(m+ A — (F+ DA = (y — P)m + B +
:2)\—Ev+(u+ﬁ))\+(3y+)7))\—(3a+5+w—?)v+‘if0
;gp—50—P(&+B)+0(3a—/§)—"(p—ﬁ)f—(ﬂ*.ﬁ)fc
;g)\—gu—(p~F)V~(p-~ﬁ)w—u(a+5)~—?\(07~3E)
;Sv—A;L—(;LZ—%-)\X)+(y+7)y+177r—(-r—3ﬁ—&)v

i
o

87 —Ac— (o + X)) —(r+ B -7+ By — 7)o + «5

0

—Ap =Bt (N = B = Py Php — v+ W
=0

]

i

— 3 Yioa1 — Yssar} = Da — 8¢ — (p + & — 26)a — B& + e + «A

+ &y — (e + p)m
=0

—MHYi0s — Yo} = DB —8c —(c+mo — (f— B+ (u + y)

+(o_c—77)e
=0
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— HY120 — Yoo} = Dy — De = (7 + T = (F+ 7B + (e + &y
+{y + e —mm +ve — ¥,
=0

— H Y1245 — Y3443}530‘_53“(#P“)‘0)—0‘0_‘“Bl§+20‘ﬁ
—ylp—p)—elw— )+ ¥y
=0

— 3{ Y1908 — Y3423}—=—87/_Aﬁ‘(“'“"“_‘"ﬁ)')"*‘(}"“?—l/«)ﬁ
— ur + ov + & — ald
=0

Aoc—gy——(/i-l-e)v%—('r—l—ﬁ)/\

- F—fe—@B-="7y

=0 (3.3)

fi

- %{ Y1242 - Y3442}

It should be noted that the specialization (3.1) cannot be incorporated
directly into the set of equations (3.3) but only into each individual equation
when written out explicitly as in (3.3"). But since the simplification (3.1) does
not affect the actual structure of the set (3.3) it will often be convenient to use
(3.3), remembering that the substitution (3.1) is understood, rather than deal
with the more lengthy (3.3").

However, when the substitution (3.1) is made into the Bianchi identities
(2.2) the basic structure is considerably changed as is clear in the N.P.
formalism:

8V = 3c¥s + (4o — m¥, " (3.4a)
Wy = —-3¥, — (4B — Y, (3.4b)
AY, = 36¥, + 4y — WY, (3.4¢)
DY, = —3AY, — (4e — p)¥, (3.4d)
DY, = 3p¥, — AY, . (3.52)
AY, = —3u¥, + ¥, (3.5b)
YV, = 37%, — v, (3.5¢)
¥y = —3a¥, + £V, (3.5d)

To use (2.2) as a concise statement of (3.4,5) is clearly unsatisfactory,
and it is necessary to modify the notation in order to be able to state the
equations (3.4,5) in a concise manner which displays their basic structure.

The spin coefficients are now relabeled as follows:

ay = (P: s T _77)
bn = (—A, 0, =3, ) (3.6)
Cn = ('—E: Vs —IB, D‘)
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and so the Bianchi equations (3.4,5) can be written in the concise form

V= V¥, — 3a,¥, — by¥o = 0 3.7)
V};,I = leFO - 3bm‘F2 - {am + 4Cm}‘{f0 =0 (38)

It is now easy to determine the integrability conditions for ¥, and ¥, and
they are given in this notation as follows:

Win = Hamm — Yin'm@} ¥z
+ {b[m;n] - V[mpn]bp + 2a[mbn] + 4b[mcn]}qﬂ0
=0 (3.9)
Ww% = 3{b[m:n] - ')’[mpn]bp + 4C[mbn] + 2b[mcn]}‘F2
+ {Gimim = Yo + 4Cimim — SYinniet Fo
=0 (3.10)

The V.5, VI, WL, W X, Yonpq are here used merely as labels for
the equations. The twelve equations (3.9), (3.10) are given explicitly in
Appendix A.

When equations (3.9, 10) are examined closely it is clear that the only
integrability conditions for a,, by, ¢, will arise from equations containing
terms in A ;npl b[m;nms Ctm inels i-e-a

Winmm = 0 (3.11)
W[In{»:np] =0 (3.12)

When the equations (3.11, 12) are expanded and the commutators (2.17), the
Bianchi equations (3.7, 8) and the post-Bianchi equations (3.9, 10) substituted,
it is found that the equations (3.11, 12) are identically satisfied. Hence it can
be concluded that all the eight integrability conditions arising from the set of
differential equations (3.9, 10) are identically satisfied.

However, it is the whole differential system of equations which is under
consideration and there is clearly the possibility of some inconsistency when
the equations (3.3) are introduced alongside (3.9, 10). This inconsistency can
be either algebraic or differential.

So the next step is to consider all the differential equations for the spin
coefficients—(3.3) together with (3.9, 10)—and check for algebraic consistency
between the two sets. In the above analysis it was convenient to change from
the usual notation for the spin coefficients, and although it is not possible to
rewrite the set of equations (3.3) completely in the new notation, it will be
best to continue working in this notation. Since interest is mainly in the
differential terms in equation (3.3) it is enough at the moment to note how
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these terms appear in the new notation for each equation:

Yigeo 1 (@12 — a3.4) Youss (@21 — Qyi3)
Yosso 1 (b1s2 — b3;4) Yigsy 1 (b2:x — byis)
Yisar 1 (@11 — base) Yauss 1 (ag;2 — b3.3)
Yises 1 (@35 — bayo) Yosrs 1 (@sa — byi1)
Yiges : (@13 — Do) Yigo: 1 {(as;1 — byy0)
Yosaa 1 (@2;4 — b1 s) Youiz i (a2 — b3i1) (3.13)
3(Yi2s1 — Yaua1) : 20113
$(Yi22s — Y3a24) : 2012.4
3 (Y1925 — Yaa93) : 200013
3(Yi214 — Yaa14) 1 2€0.0
(Y1221 — Yaua1) @ 2¢a:9)
3(Yi24z — Yases) : 23,0
It is clear from the form of the above expressions that the equations

from the set (3.3) which will have to be tested for algebraic consistency
against equations (3.9, 10) are the following:

Yiae2 — Yaaa = 0 (3.14a)
Yoa2 — Yigsn = 0 (3-14b)
Yigss — Yigor =0 (3.14¢)
Yossa — You15 =0 (3-14d)
Yioos — Y342 = 0 (3.14¢)
Yioss — Y3431 = 0 (3-14f)

When (3.14a, b) are written out explicitly and put into the new notation they
become, respectively,
G101 — Y2y — Gaia) + YisPady, =0 (3.15a)
biiioy — vulaby + 2aubey + 4bucy + yisPaby — 2ai3bsy — 4bzey = 0
(3.15b)

A comparison of these two equations with (3.9, 10) shows that there is no
inconsistency; in fact, it means that two equations, Wi, and W},, of the six
equations (3.9) [considered together with (3.15a, b)] are not independent, and
so in practice one of these equations need not be included in the complete
system. When (3.14c, d) and (3.14e, f) are written out explicitly in the new
notation they become

apa — Yu'aids — Dziay + viePaby — 2bpas — 4¢aby = 0 (3.15¢)
Gio:g — Yi'ads — buia + vulaby — 2buds, — 4epbs; = 0 (3.15d)
Crz;a1 — YVie*aCp — Auba — 2bpcg = 0 (3.15¢)
Cua — Yu®silp — Gpby — 2bppc = 0 (3.15f)
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A comparison of these equations with (3.9, 10) again reveals that there is no
inconsistency. In fact, it means that there are two more pairs of equations in
(3.9, 10)—Wi{; with Wi, and W], with W{l—which are not independent and
so one equation from each pair can be excluded from the post-Bianchi
equations.

So to sum up as regards algebraic consistency: it has been shown that
all the equations in the sets (3.3) and (3.9, 10) are consistent, and further, that
three of the equations in (3.9, 10) are not independent when considered
alongside (3.3).

The final step is to check whether the introduction of (3.3) alongside
(3.9, 10) will give rise to any new integrability conditions. First consider only
equation (3.9) with (3.3) and it is clear from the form of the differential terms
in (3.13) that the only equations which could possibly combine with (3.9) to
give rise to integrability conditions are Yigss, Yaeos, Yos13, and Yigs. But
further investigation quickly reveals that the algebraic consistency just
discussed eliminates the possibility of any integrability conditions. Secondly,
consider only equation (3.10) with (3.3), and a comparison of the forms of the
differential terms in ¢, in (3.13) with the terms ¢, .,; in (3.10) reveals that it
is not possible to obtain new integrability conditions. This failure to be able
to construct integrability conditions for the ¢, alone clearly means that no
new integrability conditions can exist when (3.9) and (3.10) together are
considered alongside (3.3).

So to sum up, as regards differential consistency the introduction of
(3.3) alongside (3.9, 10) does not add any more integrability conditions to
those eight conditions (already found to be identically satisfied) which are
associated with the equations (3.9, 10) alone.

Therefore it can be concluded that the equations (3.2), (3.3), (3.7, 8), and
(3.9, 10) form a completely integrable system of equations.

This is of course exactly the result obtained by Brans but it has been
derived here by a method which, as well as being very concise, makes the
basic structure more transparent.

4. IDENTITIES FOR PETROV TYPE I SPACES

In order to determine the redundancy within the complete system of
equations (3.2), (3.3), (3.7, 8), and (3.9, 10), consider the system of equations

men = 27[mpn] - 2"Z[m;an]Zpa (41)
Yunea = Runpa — 2Vmammiar + 2¥smin¥’1niad = Z¥mns? toa) 4.2)
Vil = Vo¥'y — 3a,%; — b,¥, (4.3)
VI =v,%, — 3b,¥s ~ {a, + 4c,t¥, (4.4)
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Win = 3lF2{a[m;n] - y[mpn]ap}

+ IP.O{b[m;n] - '}’[mpn]bp + 4b[mbn] + 2a[mbn]} (45)
erzln = 3\Fz{b[m;n] - 'y[mpn]bp + 4c[mbn] + 2b[man]}
+ II)'O{a[m;n] - 'y[mpn]ap + 4C[m;n] - 47[mpnlcp} (4'6)

remembering that the commutator identities are given by
{V[mvn] + 'y[mpnlvp} - %menvp =0 (47)

The inhomogeneous system of equations (4.1)-(4.6) are now checked for
consistency in the same way that the corresponding homogeneous system
(3.2), (3.3), (3.7, 8) and (3.9, 10) has just been checked.

When (4.1) and (4.2) are considered as differential equations in Z,,* and
Ymnps teSpectively, their respective integrability conditions are found to be
X[psm;n] - er[pern] + X[prm{'ylrlsn - '}’n]sr} -+ 2er[p’ymrn] + Y[psmnl =0 (48)
Vonmpar = Yominpiaa + Vomimiin1 Xp'ar = 2 tmo Yismiaw

= Vs Yprmisa) + Vntn Yirsipar + Yom' Yerpa = 0 (4.9)

where Vinmpe i defined by

Vemtnpar = Rominp a1 — 2Rsmt[n7tm] + Rypg tm'}’tsln] - R[qutSI'}’tmn] (4.10)

and when written out explicitly [subject of course to the simplifications (3.1)]
each independent nontrivial Vi, corresponds to one of the V,7, VX in the
new notation.
When (4.3, 4) are considered as differential equations in ¥, and ¥, the
integrability conditions are found to be
Vi + Wha + X7V, ¥s + 300,V + bVl — volfuVed =0 (4.11)
Vinm + Wi + 3 X5V, ¥ + {ap, + 4en} Vil + 30 V! = yinmVil = 0
(4.12)

When (4.2) and (4.5, 6) are examined for algebraic consistency the
following conditions need to be satisfied:

Wiy — Wis + 3%o{Yisee — Yassa} + Yo{ Yassz — Yizar) = 0 (4.132)

fa — Wik + 3%o{Yiass — Y1321}
+ Vol Yoaas — Yoszr + 2¥100s — 2Ya404} = 0 (4.13b)

Wie — Wi — 3%3{Yoss — Youon}
— Wo{Yigas — Yigos + 2Yi015 — 2¥505) = 0 (4.13c)

When equations (4.2) and (4.5, 6) are considered as differential equations
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in a,, b, and ¢, it is again found that only one new set of integrability
conditions arise [from (4.5, 6) alone] and they are found to be
W[Imn:p] + %lF2X[mSnap];s + %lFOX[msnbm;s
- 27[man1€]s - 3W[Imnap] - W[Irﬁnbp]
- V[IrrIz{bn;p] = Ya'mbs + 2a5bp1 + 4bycy}
- 3V[Im{an:p] - ')’nsp]as}
— 3, Y upils — TV Yin'nmbs = 0 4.14)
VV[In{n;p] + %WZX[msnbp] s T lqJIOIY[mSn{ap];s + 4cp];s}
~ 2y’ W s — 3Wlby — [mn{ap] + 4y}
= Vinlbaimy = va'mbs + Aciby + 2bnay}
[Inﬁ{an:p] = Ya'nls + dCpip — dyn’ncs
- %Tg Y[msnp]bs - %IFO Y[msnp]{as + 403} = 0 (415)
These five sets of equations (4.8), (4.9), (4.11, 12), (4.13), and (4.14, 15)
hold for any values of X,nps Yonpg Vil Vi, Wa!, Wil and can therefore be
considered as the identities hnkmg the system of equations (3.2), (3.3), (3.7, 8),
and (3.9, 10).
There are many different ways in which this very considerable amount of
redundancy could be exploited, but in this paper interest will concentrate on

the possibility of using the post-Bianchi equations as replacements for other,
perhaps less manageable equations, e.g., the set (3.2).

5. SUFFICIENT SUBSYSTEMS OF THE COMPLETELY
INTEGRABLE SYSTEM

In Section 3 a completely integrable system of four sets of equations was
determined, and in Section 4 it was realized that a considerable amount of
redundancy exists within this system, which raises the possibility of choosing
compact subsystems which are sufficient to ensure that the complete system
is satisfied. [Indeed it is well known—and trivial to deduce from the identities
—that equations (3.2) and (3.3) alone form such a sufficient subsystem.]

When all four sets of equations are written out explicitly in N.P. formal-
ism it is clear that the first set of equations (3.2) is of a different nature from
the other three sets, (3.3), (3.7, 8), and (3.9, 10); and the anomalous character
of this set is bound to raise special difficulties in any integration program for
the system. So the question arises whether the set (3.2) is in fact redundant.

An examination of identity (4.11, 12) shows that, providing (3.3),
(3.7, 8), and (3.9, 10) hold, then

X2V, ¥, =0 (5.1a)
X2V, %, =0 (5.1b)
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If it is assumed that only the most general Petrov type I spaces are considered,
i.e., those where ¥, and W, supply four functionally independent quantities,
then (5.1a, b) implies

X7, =0 (5.2)

(In cases where less than four independent quantities are supplied, a more
detailed analysis will be required, starting with a reexamination of the
consistency of the system of equations.)

So it can be concluded that the first set of equations need not be con-
sidered explicitly, which gives the following result: The three sets of equations
(3.3), (3.7, 8), and (3.9, 10) form a sufficient subsystem of the completely
integrable system.

1t is clear that the above result exploits only a small part of the available
redundancy. (It is noted that the result can easily be deduced without using
the identities, as such, at all.) The possibility arises of exploiting the redun-
dancy further to establish a still more compact subsystem and in particular a
subsystem which can be written concisely and exclusively in the new notation.
An examination of the identities reveals that it is impossible to exclude the
entire set (3.3) [i.e., to have a subsystem comprising only (3.7, 8) and (3.9, 10)]
but it is clearly possible to include only some of equations (3.3) alongside
(3.7, 8) and (3.9, 10) and yet ensure that the complete system is satisfied.
There are many ways such a sufficient subset of (3.3) can be chosen but it
would clearly be desirable to be able to choose a subset which can be presented
concisely and naturally in the new notation.

When the set of equations (3.3) are considered in detail, it is found that
only three equations transfer simply and naturally into the new notation.
These are

Yigso + Yous1 =0 (5.3a)
Y2442 + Y1331 =0 (5-3b)
Yio1o — Yaa12 — Yigss + Yaaa = 0 (5-30)

which become
a ., — va'"a, + ata, — b"b, = —2¥, (5.4a)
b".n — yut"b, + 4b"c, = 29, (5.4b)
™o — Yu'TC, + 2¢™a, — a™a, + 1b7b, = 2%, (5.4¢)
When these three equations (5.4a, b, c), together with the sets of equations
(3.7, 8) and (3.9, 10) are substituted into the identities, it can be shown that
Xpnp = 0 for all m, n, p (5.5a)
Younps = 0 for all m, n, p, q (5.5b)

{The details of this calculation are given in Appendix B.)



264 Edgar

So the following result has been obtained: The three sets of equations
(5.4), (3.7,8), and (3.9, 10) form a sufficient subsystem of the completely
integrable system.

Therefore a remarkably concise and simple system of equations has been
determined in the new notation, and the simple structure is even more ap-
parent when the equations are written in ordinary tensor notation. In this
presentation the subsystem is given by

@, + a®a, — b, = —2¥, (5.62)

b, + dbc, = 2¥, (5.6b)

6% g + 2c%a, — 4a%a, + Wb, = 2¥, (5.60)
V¥, — 3a,F; — bW = 0 (5.72)

VP, — 35,%, — {a, + 4c}¥o =0 (5.7b)

3W{a o + Yolbaw + 2aby + 4bcyt = 0 (5.8a)
3Wo{brapy + 2braty + deieb}t + Voltam + de .y = 0 (5.8b)

where
a, = ~pZig + pZoa + 7lsq — TZua ' (5.9a)
by = 0Z1y — Mgy — kZ3a + vZyy (5-9b)
Co = vZ1g — €Zgy — gy + BZ4q (5.9¢)

This new presentation of the vacuum Einstein-Petrov type I equations
is not only different from existing presentations, but in some ways the
structure, especially the differential structure, is simpler. The natural and
simple nature of these results suggests that they could have been obtained
more directly, and that there is some underlying structure which still remains
to be fully understood and exploited. .

From a practical point of viéw it is important to note that the covariant
derivative can always be replaced by the much more manageable ordinary
partial derivative [although of course, the determinant g of the metric tensor
Zas still occurs in (5.6)]. Further there is an obvious subclass of spaces (when
a,, b, and ¢, are chosen as gradient vectors) where some of the equations are
identically satisfied and the system immediately reduces to only three equa-
tions. Some of these spaces are considered in the following section.

6. SIMPLIFICATION OF EQUATIONS FOR A SPECIAL CASE

The system of equations (5.6a, b, ), (5.7, b), (5.8a, b) are now con-
sidered in their own right—the origin of the vectors a,, b,, and ¢, is no longer
important. A solution to this system of equations (by which is meant having
solved for a,, by, ca, a%, b% %, ¥y, ¥'s) is sufficient to give a unique metric g,
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which will be a metric for vacuum Petrov type I spaces. An example will
illustrate the technique.
The special case,

a, = 2¢, (6.1)
is considered. When this specialization is substituted into (5.7) they become

V. ¥s — 3a, ¥, — b,¥, =0 (6.2a)
V.V, — 36, Y, — 3a,7, =0 (6.2b)

which are easily rearranged into

6a, = V, In 3%,2 — W2} (6.3)
2(3)'2b, = Vo In{(¥o + 312¥,)/(¥, — 317%,)} 6.4)

Since a, and b, are clearly gradient vectors, this property, together with
condition (6.1), ensures that the post-Bianchi equations (5.8a, b) are identically
satisfied.

So only equations (5.6) remain to be satisfied, and under the substitution
(6.1) they simplify to

b, = 3%, (6.52)
@, + a'a, = P, (6.5b)
b, + 2b%, = 2%, (6.5¢)

or,
(Vb)-(Vb) = 3%, (6.62)
Oa + (Va)-(Va) = ¥, (6.6b)
[0k + 2(Vb)-(Va) = 2%, (6.6¢)

where the complex scalars a, b are defined by

g = Qg (673.)
bo=b, (6.7b)

Since it has been assumed that ¥, and W', are functionally independent, they
could be used to provide the four coordinates, but in this case it is more
convenient to let the functionally independent scalars a and b provide the
coordinates,

a=§¢=x+ ix, (6.8a)
Xz + X4 (6.8b)

1

b=n
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In this coordinate system the equations (6.6) become

gm = 3¥, (6.92)
gl glizgte) 4 gt =, (6.9b)
g 1% glizgne) 4 281 = OF, (6.9¢)

where
312, = e cosh 312y (6.10a)
¥, = ie®* sinh 312y (6.10b)

So for this special case, the problem reduces to solving the coupled set of
differential equations (6.9) to obtain the metric tensor directly. As would be
anticipated, this problem is far from trivial, but it certainly seems possible
to establish some general existence criteria, and to extract special solutions
by straightforward techniques. The results of such investigations wiil be given
elsewhere.

7. SUMMARY AND DISCUSSION

The original intention of this paper was to establish the completely
integrable system of equations discovered by Brans (1977) by a more concise
and transparent method. In order to do this it was necessary to look in detail
at the structure of the system of equations and not only did this make it easy
to obtain Brans’ results, but it was possible to round off his work by presenting
explicitly the redundancy inherent in this complete system. An immediate
consequence of this redundancy is that, for arbitrary Petrov type I spaces,
the first set of structure equations can be omitted from the complete system.
Since within the N.P. formalism, this particular set of equations is of a
different nature (vector rather than scalar) than the other three sets, it is
hoped that being able to exclude it will simplify integration procedures
within the N.P. formalism.

The conciseness of presentation for both the complete system and the
associated identities, was achieved by introducing a new formalism which
emphasized the comparatively simple structure of the Bianchi equations for
vacuum Petrov type I spaces. This new presentation also revealed that the
post-Bianchi equations were of a much simpler structure than might be
suspected from their presentation in the N.P. formalism (Brans, 1977).
Further, it was almost trivial to deduce that no higher integrability conditions
exist; this confirms Brans’ suspicion that this result should be obtainable
without the detailed computations that he had to carry out.

However, what is felt to be of more significance is that this new formal-
ism, which was introduced originally merely as an aid to computations and
presentation, is of importance in its own right. The sufficient subsystem of
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the complete system is not only very compact but its very natural and simple
structure suggests that it could have been derived by more direct means
which are not immediately obvious. (It is remarkable that the only three
equations of the second set of structure equations which can be written
simply in the new notation are precisely the minimum equations needed to
combine with the Bianchi and post-Bianchi equations to ensure a sufficient
subsystem. It is also interesting that these three equations, probably the
crucial ones of the subsystem, have such a standard form.) So although some
more insight has been gained into the structure of these spaces, it is still felt,
echoing Brans (1977), that there is still much more to be understood.

Finally, of immediate interest is the real possibility of obtaining new
exact solutions and also of extracting physically significant information from
the “wave equations” in Section 7.

APPENDIX A
The twelve equations (3.9) and (3.10) are given explicitly as

{o =3%{0p+ D — (v + P)p + (¢ + p + 77 — 777}
+ Wo{—~AX — Do + (7 — 3p)A + (3e — &) + «r
+ k7T — vT ~ vw + 20p — 2uA}
=0
fe=3¥{0p— Dr+ (F - &~ Pp+(F+ €~ &7 + ux — o}
—}—"P'o{——a)\—f—Dv+(27'+5ﬂ+07—7?)/\+(€'-—56—p_—2p)1/}
0
Wiy =3¥3{8p + D — (a + Blp + (e — O + 75 + pi}
+ Wo{—=0A — D — (3w + 3¢ — B)A 4+ (3p + 3¢ + &)k — v&5 — ok}
=0
Wis =3V{—-8u —Ar — (B+ @u + (y — )1 + 7k + pi}
+ Woldo + Av — B + 38 — @ + Bu + 3y + 7 — kA — A}
=0
5453W2{~SM+AW+(F~,§—a);i+(ﬁ+y—;7)w+pu—Ar}
+ Wo{do — Dk + 2w + Sa + B — A + (F — 5y — & — 2u)«}
=0
Wis = 3¥o{87 + o7 — (« — B)r — pif + pp + (B — @)}
+ Wol{—0v + 0k — (B + 3oy + (38 + &)k + o(p — §)
+ Mg — p) + 27¢ — 2av}

=0
Wi = 3% {—AX — Do + X7 + 5¢v) — (B¢ + &)o + «7 — vr
+ k1 — v7 — 2pc + 2uA}
+ Vo{Ap + Du — ply + 7) + 77 + ple + &) — o7
— HAe + Dy + 2ey — Je — yé — ar + Pr + B7 — o)}
=0
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WE=39{-8A+Dv—(2r + 38—+ mMA+ (E+ 3¢ — 5+ 2pp}
+ ¥ 8p—Dr+(F—a—Bp+(F+e— 7+ ux — om
0 — 4(8e — DB — o + Bp + xy + 7e — fé — &e)}
WlIiE?)kFZ{—S)\—DK+)\(E+50¢)+K(€_“SE)—pK+)\Tr~VE—O‘l?}
+ Wo{8p + D — (o + B)p + (¢ — & + 77 + pi
— 4(8e + Doa — o€ — Be — ap + BG + yik + em

Wi = 3%,{8c + Av + o(@ + 58) + v(5 — 5y) — w + o7 — kX — A}
+ ¥l —Ar— B+ @+ — )7+l + pp
. —4(—8 — AB — Br — & — Bu + o + & + yA + By — B7)}
Wi =3%,(0c ~ Ak — 2 + 30 = B+ 7)o + (¥ + 3y — & + 2u)x}
-+ A+ (F—B—wp+(E+y—Pm+ v — Ar
. — 4(=8y + Ax — AB + i + ve + Ty — aj — By)}
1= 3Wy{—~& — Sk + uB — 5¢) — k(58 — &) — op — Au — op
+ A — 27k + 2mv}
+ Wofdr + 87 — 7(a — ) — pE + 7B — &) + pp
— 4(88 + 8o + 2B + BB — i — yp + eu — €I + yp)}
=0

As noted in Sections 3 and 4, three of the above equations are not
independent when considered together with the set (3.3"). When the above 12
equations are compared with the nine equations given by Brans (1977), it is
seen that the three dependent equations omitted by Brans, are W{,, Wil Wi,.
Further it is easy to see that the four equations Wi, Wi;, Wi,, Wi, agree
identically with four equations from Brans’ set, but that the remaining five
equations have to be combined with appropriate equations from the set (3.3")
to agree identically with the remaining five in Brans’ set. (It should be noted
that there are some minor disagreements between the two sets, due it is
suspected to misprints in Brans’ paper.)

APPENDIX B

In order to obtain the required result it will be necessary first to establish
the following lemma.

Lemma. Consider a tensor T,,., with the following properties:

(@) Tovea = Tavreas = Travics = Tedan
(b) Ta[bcd] =0
© Tob = T,y + 2819, T0%; — 38t 89, T
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where 7%, = T®,,, T = T%,
(d) Tab[cd;e] =0
In Einstein-Petrov type I vacuum spaces the conditions

(1) Tabcd =0
(ii) T=0
are sufficient to ensure
Tabcd =0

Proof. When conditions (i) and (ii) are substituted, via the decomposition
formula into property (d), it is found that

Torpio1 = 0 (Bl)
The integrability conditions for these equations are
Ta[b;cd] =0 (B.2)
or
Rae[chb]e =0 (B3)

When each individual equation of (B.3) is written out explicitly for vacuum
Petrov type 1 spaces, it is clear that

T, =0 (B.4)

and hence the lemma is proven. ]

Turning now to the proof of the main result. When equations (5.4),
(3.7, 8), and (3.9, 10) are substituted into the identities (4.8)—(4.15) the
following results are obtained, with the help of the decomposition formula:

Xonp =0 (BS)
Y=0 (B.6)
Vmpa = 0 (B.7)

By applying the tetrad version of the above lemma it follows immediately that
Ymnpq =0 (BS)

which is the required result.

NOTE ADDED IN PROOF

It has been realized that the system of equations (5.6), (5.7), (5.8), and (5.9)
do not follow as easily from the system (5.4), (3.7, 8), and (3.9, 10) as implied.
The detailed justification for this particular result will be given in a separate

paper.
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